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C O N T I N U O U S L Y  I N H O M O G E N E O U S  E L A S T I C  M E D I A  
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Exact  and approximate equations of motion of an elastic continuously inhomogeneous medium are obtained 
in this paper  in the form of coupled wave equations and the displacement  asymptotic  in a weakly inhomogeneous 
elast ic hal f -space  subjected to tangential and normal  loads dependent harmonical ly  on t ime. The influence of 
the inhomogeneity of the medium on the displacement  asymptotic,  the group velocity, and the Rayleigh wave- 
length, as well as the intensity of the wave interact ion energy are  expressed in t e rms  os the coefficients con- 
necting the wave equation. 

1. Linear  wave interact ion in inhomogeneous media c a n b e  descr ibed in many cases  [1] by a coupled s y s -  
t em of wave equations of the type 

~ V 2- - v ~ 2  ~-~)CPn-- Zn@~_,~ =O,  n =  1,2, (1.1) 

where Z n are  known functions, the desi red functions ~n can have different meanings,  and the other  notation is 
standard.  It is interest ing to obtain an equation of the type (1.1) for  an elast ic medium whose Lam6 p a r a m e t e r s  
~, p and density p depend on one coordinate.  The vector  equation of motion of such a medium has the fo rm 

V(eV.U) -- VXfftVXU ) + 2~'(u' --  L y . u  + i z x v x u )  = pu, e = s + 2a. (1.2) 

Here u is the displacement  vector;  the pr ime denotes the derivat ive with respec t  to the Car tes ian  coor -  
dinate z and the dot with respec t  to the t ime; i z is the unit vector ,  and V is the nabla opera tor  in the Car tes ian  
coordinate sys tem.  

Applying the Four i e r  t ransformat ion  in the variables  x and y to (1.2), we obtain a sys tem of ordinary,  
s ix th-order ,  differential equations with fundamental and per turbing mat r ices .  The fundamental matr ix does 
not contain der ivat ives  of the medium pa rame te r s .  The efficiency of matr ix  integration algori thms for  such 
sys t ems  [2] depends substantial ly on the possibil i ty of finding the eigenvalues of the fundamental matr ix in ex- 
plicit  and compact  form.  In this case the etgenvalues are  found after solving a cubic equation and are  suffi-  
ciently awkward; consequently, the matr ix  integration algori thms are of low efficiency. The method of sus -  
pended potentials permi t s  a sys tem of equations without the mentioned disadvantage to be obtained. Since the 
method mentioned has substantially been touched upon in cer ta in  conferences  [3, 4] in discuss ions  of s imi la r  
questions,  it is elucidated quite br ief ly  below in an amount n e c e s s a r y  for the boundary-value problem under 
consideration.  Let us r ep resen t  the displacement  vector  u in the form 

u = / ; i V  (flO3 + /~ lV  X V X ( iJgh)  + V X (@3iz), (1.3) 

where fn are  still unknown functions of the variable z. Let us substitute (1.3) into (1.2) and append two iden- 
tities containing functions h n to the resul t  of the substitution: 

, , o d9 X i z h  1 - -  h'lVt) ~x- - -  O~ V(h,@~)-- i~(h ,V~+hl~)  ~ - - ( V X V  

( .... o) , ,  

V (h,,,V~*2) -- izh2V~ -- V X V X hoiz ~z (1)z - -  Vt (h2V2O" -}- h:d)'2) ~- O, 

V~=Vt.V~,Vt --~i o .  =o~ +@J" 

After  cer tain manipulations, we obtain the vector  equation 
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v A ~  @ V•215 + V • - -  vtA,~ - -  i~A~ a = 0 (1.4) 

(Anm a r e  d i f f e r e n t i a l  e x p r e s s i o n s  d e p e n d e n t  on O n) wh ich  wi l l  be s a t i s f i e d  ff the  p o t e n t i a l s  On a r e  found f r o m  
the  s y s t e m  of s c a l a r  equa t i ons  

t t 
A u + A:~ - -  A I ~  ~ 0 ,  An - -  V;A.,2 - A n  = 0, 

(~.5) 
+ - -  = o .  

We s e l e c t  the  v a l u e s  of the  func t ions  h n, gn = fhfn 1 such  t ha t  the  e x p r e s s i o n s  fo r  A n m  a r e  as  s i m p l e  a s  p o s s i b l e .  
If we t a k e  h 1 =:h 2 = - 2 p ' ,  gl  =g2 =P'P-~,  t hen  

A,,,~ = ~n [ �89 -~- Q~ [(2 - n) V~ + 1 - n] O3~} (n = 1, 2), 

O ' -2 O 2 ~ n  -~ V ~- + Pp ~z -Ja Pp - -  v'~ - -  %1 =" e, :t2 = ~t, 
0 t  2 '  

A12 = Z1V~(I).), A13 = Z101, Z 1 = 2~'pp - -  2~", 

Q.  = p~, _ 2pu?-,(2-~) ' pp = p,p-i, pv = ~t'p.-~, 7 ~ = , ? . l1 -1 ,  

The  t h i r d  equa t ion  in t h e  s y s t e m  (1.5) is  s e p a r a t e d  f r o m  the f i r s t  two,  e a c h  of which  i s  of t h i r d  o r d e r .  
The  s y s t e m  of o r d i n a r y  d i f f e r e n t i a l  equa t i ons  c o r r e s p o n d i n g  to (1.5) i s  i n t e g r a t e d  e f f e c t i v e l y  s i n c e  the  c h a r -  
a c t e r i s t i c  p o l y n o m i a l  of i t s  f u n d a m e n t a l  m a t r i x  d i s s o c i a t e s  in to  b i n o m i a l  q u a d r a t i c  f a c t o r s .  F o r  a w e a k l y  in -  
h o m o g e n e o u s  m e d i u m  the f i r s t  a p p r o x i m a t i o n  e q u a t i o n s ,  i . e . ,  (1.5), can  be u s e d ,  w h e r e i n  the  t e r m s  A12, A~3 a r e  
d i s c a r d e d  as  be ing  of  s e c o n d  o r d e r  of s m a l l n e s s .  We then  ob ta in  a s y s t e m  of a p p r o x i m a t e  equa t ions  

v : %  + (pP%)' - , 7 % :  - 0 ~ %  = 0, (1 .6)  

v2r  + p~r  - vF%~ = 0. 

2. We u s e  (1.6) be low to f ind the  a s y m p t o t i c  of the  d i s p l a c e m e n t  f i e ld  in  an e l a s t i c  weak ly  i nhomogeneous  
h a l f - s p a c e  i f  the  b o u n d a r y  cond i t i ons  

a .  =%~(x,  g) e ~ t ,  n - 1 , 2 , 3 ,  x, g ~ P . ,  

(J1 - -  O z ,  Ci2 : ~  (YxZ~ (J3 - -  Gyz~  
(2.1) 

a r e  g iven  in the  p l a n e  z = 0, w h e r e  ~2 i s  a bounded d o m a i n  of load  a p p l i c a t i o n ,  a n  a r e  s t r e s s  t e n s o r  c o m p o n e n t s ,  
co i s  t he  v i b r a t i o n  f r e q u e n c y .  The f a c t o r  e ia)t i s  h e n c e f o r t h  o m i t t e d .  The s o l u t i o n  of the  s y s t e m  (1.6), bounded 
as  z - -  ~o, i s  w r i t t e n  in  F o u r i e r  t r a n s f o r m  s p a c e  in  the  v a r i a b l e s  x, y in  a f i r s t  a p p r o x i m a t i o n ,  i . e . ,  wi th  the  
c o m p o n e n t s  con t a in ing  the  f i r s t  d e r i v a t i v e s  wi th  r e s p e c t  to  z of the  m e d i u m  p a r a m e t e r s  c o n s e r v e d .  The f o l -  
lowing  o p e r a t i o n s  a r e  h e r e  s a t i s f i e d .  A f t e r  the  F o u r i e r  t r a n s f o r m a t i o n ,  the f i r s t  two equa t ions  of (1.6) (the 
t h i r d  i s  i n t e g r a t e d  independen t ly )  a r e  w r i t t e n  in the  f o r m  of a s y s t e m  of fou r  f i r s t - o r d e r  equa t i ons  whose  e i g e n -  
v a l u e s  of  the  f u n d a m e n t a l  m a t r i x  equa l  _+ (a ~ -b 6 2 - -  k~nY :, k,~ --- 0)v~ I, w h e r e  ~,  fl a r e  F o u r i e r  t r a n s f o r m  p a r a m e t e r s .  
The  s y s t e m  i s  l a t e r  s u b j e c t e d  to  m a t r i x  t r a n s f o r m a t i o n ,  a f t e r  which  the  fundamen ta l  m a t r i x  b e c o m e s  q u a s i -  
d i a g o n a l  s i n c e  i t  i s  a s s u m e d  tha t  i t s  e i g e n v a l u e s  have one po in t  of r o t a t i o n .  Then  the s e c o n d  t r a n s f o r m i n g  m a -  
t r i x , w h i c h a s s u r e s  s p l i t t i n g  of the  s y s t e m  into two independen t  p a i r s  of  e q u a t i o n s  [5], i s  c o n s t r u c t e d  in  a f i r s t  
a p p r o x i m a t i o n .  F i n a l l y ,  the  me thod  of s t a n d a r d  s y s t e m s  i s  a pp l i e d  to each  p a i r  and to the F o u r i e r  t r a n s f o r m  of 
the  t h i r d  equa t ion  f r o m  (1.6), w h e r e u p o n  

r = w c ,  r = l r  r %, 

W -  
W 1  W'I d~W~ 

dlW2 dlW'20 W~O 

�9 o ;  'i 

w . =  V E  ,r pc= 

v~ov~ (z)) , d,~-= (-- l ) " ~  " (z)v7 2 (0),: m , , = ( F - + p -  ~ -2  112 q ,  ~,  

(2.2) 
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C = ( %  c~, c J ,  ~ = a k - l , ~  = ~k-~, k = or ' ;  ~ (0). 

H e r e  w i s  t he  A i r y  func t ion  bounded  as  z ~ 0% W n i s  t he  A i r y - F o k  funct ion ,  and t h e  s u p e r s c r i p t  t i n d i c a t e s  
the  t r a n s p o s i t i o n  o p e r a t i o n .  The c o n s t a n t s  Cn a r e  found f r o m  the  F o u r i e r  t r a n s f o r m e d  b o u n d a r y  cond i t ions  (2.1) 

p P W C  : r ~ = (a~, as, an)t,, 

w h e r e  

P = 2i~q 2i[J i i ~  ~ 0 .0 ; 
~ 0 2~l~q 2,1 ~ 0 

~12 = a2 + fi~; • = 2q~ _ k3,; q = p,o + Q v  

The F o u r i e r  t r a n s f o r m s  in (2.2) a r e  denoted exac t ly  as  a r e  the o r ig ina l s .  We d e t e r m i n e  the  a r b i t r a r y  cons tan t s  
for  two c a s e s .  In the boundary  condi t ions  (2.1) le t  the n o r m a l  s t r e s s  d i f fer  f r o m  z e r o .  Then 

u = (2a)-" J J  SWCe~((zx+gv)da d~, 

S =  ~[~ 0 ~l~p~, ~l~ - i ~ z  
1 ~l ~ 0 0 

e x = ~,, (a, [~) L (poA)-r, c., = - - ,  (a, ~) K (P.oa)-l,: 

K = 2W~ + W 1 (2q + • L = • 2 + 2d?]H~Tv 
o ' ' i i 

a = x , W ~ W ~  - -  @ - W ~ W ,  + 2 ~ •  ~ (W2W~ - -  W~W~)  (d, - -  d~) - -  

- -  4qq ~ (W~W'2 '+  W ~ W ; ) ,  .C- =- ;~ + ~ ,  Po = ~t (0). 

(2.3) 

If on ly  t h e  t a n g e n t i a l  s t r e s s e s  d i f f e r  f r o m  z e r o ,  then  we find the d i s p l a c e m e n t  by m e a n s  of the  s a m e  d e p e n -  
d e n c e s  (2.3) but fo r  o t h e r  v a l u e s  of the  c o n s t a n t s  c n which  a r e  now d e t e r m i n e d  a s  

c,, = ~,E,z (~0a) -1 (n = 1, 2), c z = :~2 (W'2) -1, 

~1 = (r (a, ~) ~ + r (~, g) fi) (~'- + ~)-~, E~ = 2n~W'2 + (2qn ~ + x~dl) W~, 
! 

E 2 = •  1 + 2q2d2W1, 

In the  s i m p l e s t  c a s e  of c o n s t a n t  s t r e s s e s  a n wi th in  a d o m a i n  in  the  s h a p e  of a r e c t a n g l e  t x [ _< a ,  I Y I - b, 
the  f a c t o r s  a r e  ~n =er~ sin(c~a)sin (~b)(a~) -x. We a n a l y z e  the  d i s p l a c e m e n t  f i e ld  (2.3) in the  s a m e  d o m a i n  of 
v a r i a b l e s  w h e r e  the  A i r y - F o k  func t ions  a l low the a s y m p t o t i c  r e p r e s e n t a t i o n  

W..==mX 1/zexp - - k  , n = i , . 2  
\ z n  - ] 

(z n i s  the  p o i n t  of  r o t a t i on ) .  A f t e r  the  s u b s t i t u t i o n  m e n t i o n e d ,  we c a l c u l a t e  the  p r i n c i p a l  t e r m  of the  a s y m p t o t i c  
of  the i n t e g r a l  ob ta ined  in  a r e m o t e  po in t  of the  f i e ld .  To do th i s  i t  i s  n e c e s s a r y  to e v a l u a t e  the  c o n t r i b u t i o n  of 
t h r e e  k inds  of po in t s :  s a d d l e ,  b i f u r c a t i o n ,  and the  p o l e s  of the i n t e g r a n d .  But s i n c e  t he  c o n t r i b u t i o n  of the  b i -  
f u r c a t i o n  p o i n t s  i s  an o r d e r  be low the c o n t r i b u t i o n  of the  s a d d l e  p o i n t s  [6], i t  i s  not  c o n s i d e r e d  h e r e .  We a p -  
p r o x i m a t e  s a d d l e  p o i n t s  by  c o n s i d e r i n g  the  m e d i u m  to be s l i g h t l y  i n h o m o g e n e o u s .  In the  p h a s e  func t ion  

z 

--  k ~ m~ (z) dz + i (ax + fly) 
0 . " 

we c a l c u l a t e  the  i n t e g r a l  by the  method  of f r e e z i n g  and we go o v e r  to  v a r i a b l e s  R,  0, r of  a s p h e r i c a l  c o o r -  
d i n a t e  s y s t e m .  Then  we o b t a i n  f o r  t he  s a d d l e  p o i n t s  

~ = = - - q , ~ s i n 0 c o s  T, ~ n = - - q , ~ s i n 0 s i n %  q n = v 2 ( O ) v ~ l ( z ) .  
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We note the  c o n t r i b u t i o n  of  the  s a d d l e  p o i n t s  to the  d i s p l a c e m e n t  f i e ld  by the  s u b s c r i p t  s .  A f t e r  the  c a l c u l a t i o n s  
s p e c i f i e d  by the  t w o - d i m e n s i o n a l  s t a t i o n a r y  p h a s e  me thod ,  we e x p r e s s  the  d i s p l a c e m e n t  of an e l a s t i c  m e d i u m  in 
a s p h e r i c a l  c o o r d i n a t e  s y s t e m  by m e a n s  of the  f o r m u l a s  

ue = (u~eos~p + uusin@ \cos0/-- l -u~ ksin ' 
U o  , 

u~ = --u~ sin ~p -',- u~ cos % 

We then  ob ta in  fo r  the  d i s p l a c e m e n t s  

2 

u~, = ~, GvKn,,, U~s = u_~, u.,~ = uo~, u~ = 0, (2.4) 

----- 2~Rk exp - -  ikR'~ v-z ~- \ m - ' ~ ]  F (~v, ~v) ' 

Kl l  = kS(p1• - -  251), ~,~ = k q ~  --  Pt, cos 0, 

K~,~ = k~qe sin ~" 0(2a~u2 - -  q~T2), T~ = 2q(0) -~ • d , ,  

( K 1 2 ~  _ kST~sin0 { - -  2Q2a2%~ : 

K e ~ ] - -  7"--I ~ • } '  •  

5~ = 2q~a~d.~ (0) sin ~ 0, vn = (.~-2(n-1) _ ql sin ~ @n,  
o 2 F(~, ~) = k~[(• ~ -~-4"drnxm.,)k -.'- 2(do - -  d~)• (rn2 - -  ml) + 4~q(ml  + m.~)], 

w h e r e  ~ 1(~ u, ~ u) i s  the  F o u r i e r  t r a n s f o r m  of the  func t ion  ~ 1 e v a l u a t e d  at  the  s a d d l e  poin t .  U n d e r  the  ac t i on  
of a t a n g e n t i a l  load  we shou ld  t a k e  in  p l a c e  of ~ ~, Knk the  ~ !, Lnk and the  d i s p l a c e m e n t  u~v wil l  be nonze ro :  

2 L21 7~----; ~ alqlQ1 ) 
L11 = k3ql sift' 0(2p1~1 § qlTl),, 

L22 = ikZq~ sin 0 (~2• § 2~2), 

�9 . ~ r ~ , + ~  (rn., (O),n~ ( z ) ) - l / , .  u~ = ~ s,n 0q~n~ (~, ~.~) ~-~ e -  

Let us  m a k e  a n u m b e r  of d e d u c t i o n s .  In a h o m o g e n e o u s  m e d i u m  the  d i s p l a c e m e n t s  u R and u 0 a r e  p r o p -  
a g a t e d  f a r  f r o m  the  s o u r c e  a s  l o n g i t u d i n a l  and t r a n s v e r s e  w a v e s ,  r e s p e c t i v e l y ,  tn t h i s  c a s e  the  long i tud ina l  
wave  in  the  d i s p l a c e m e n t  u R i s  a c c o m p a n i e d  by a t r a n s v e r s e  wave  tha t  v a n i s h e s  in the  c a s e  of a h o m o g e n e o u s  
m e d i u m .  C o n s e q u e n t l y ,  t he  f u n d a m e n t a l  wave  i s  l ong i tud ina l  whi le  the  t r a n s v e r s e  can  be  c a l l e d  induced .  The  
f u n d a m e n t a l  wave  i s  t r a n s v e r s e  in  the  d i s p l a c e m e n t  u 0 and the  long i tud ina l  i s  induced .  The  a m p l i t u d e s  of the  
i nduced  w a v e s  a r e  p r o p o r t i o n a l  to the  coup l ing  c o e f f i c i e n t s  of the  wave  equa t ions  Qn. As  is  known [6], the  p r i n -  
c i p a l  t e r m  of  the  d i s p l a c e m e n t  a s y m p t o t i c  u 0 i s  r e a l  fo r  a h o m o g e n e o u s  m e d i u m  whi le  i t  can  be both r e a l  and 
c o m p l e x  in the  d i s p l a c e m e n t  u 0. I n h o m o g e n e i t y  of  the  m e d i u m  m a k e s  both the  e x p r e s s i o n s  m e n t i o n e d  c o m p l e x ;  
in  p a r t i c u l a r ,  the  R a y l e i g h  func t ion  is  c o m p l e x  at  both s a d d l e  po in t s .  F o r  i n s t a n c e ,  we have  a t  the  s a d d l e  po in t  

F = k ~ (Fl lk  ~ iF12), F n  = • -~ 4q~al~2 sin 2 0,: 

F~. = 2q~ sin ~ 0 [• (d~ - -  d,) (a~ - -  a,) + 2q (~. + a,)]. 

This means tha t  the maximal radial and circumferential displacements are achieved at different points of the 
wave surface at different times; the difference in the time depends not only on the mutual arrangement of the 
two points but also on the nature of the wave propagation. Thus, for waveguide propagation, when v I grows, .% 
remains a real quantity. If v I decreases, then al becomes imaginary for ql sin 0 > 7 -I and the form of the 
func t ion  F ch~mges.  

I n h o m o g e n e i t y  of the  m e d i u m  r e s u l t s  in  e n e r g y  r e d i s t r i b u t i o n  of the  v i b r a t i o n s  be tw e e n  the long i tud ina l ,  
t r a n s v e r s e ,  aJ~d s u r f a c e  w a v e s .  P a r t  of the  e n e r g y  g o e s  into the f o r m a t i o n  of  induced  waves .  Le t  us  d e r i v e  the  
f o r m u l a  fo r  the  i n t e r a c t i o n  e n e r g y  i n t e n s i t y  fo r  the  f u n d a m e n t a l  and induced  waves .  As  i s  known the  e n e r g y  
e m i s s i o n  i n t e n s i t y  i s  de f ined  as  the  m e a n  e m i s s i o n  e n e r g y  p e r  p e r i o d  p e r  uni t  a r e a  and i s  found f r o m  the  f o r -  
m u l a  

- i~-2 ( ~ I ~ R  - ~ R  + - ~ 0 u o  - ;R0 ue ) ,  4 
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where  the  ba r  deno tes  the c o m p l e x - c o n j u g a t e  quant i ty  and it  is  a s s u m e d  tha t  u~o = O. 
wr i t t en  in the f o r m  

uR = (A~ + iB1)F-~( ~" ~, ~1) + VIQsF-I(~s, ~s) ==- uat + Ua*t 

If the d i s p l a c e m e n t  is  

(2.5) 

(the second  componen t s  on the r i g h t  c o r r e s p o n d  to the induced waves) ,  then i t  can  be shown tha t  in a r e m o t e  
point  of the field 

~ = ~ti~i(~,-~u~ + u~,)k + O(R-~), 

~o = ~ti(?-luo~ + uo,)k + O(B-D.  

H e r e  O(R -2) ind ica tes  the o r d e r  of magni tude  of the d i s c a r d e d  componen t s .  Then we have fo r  the e n e r g y  in ten-  
s i ty  in a f i r s t  app rox ima t ion  

k -~-~ {2VU~#m + 2Uo~Uo, + (1 + V -~) [(umu-~, + umu~,) ?~ + uotuo, + uo#o,]}. 

The second  componen t  in the fo rm u l a  obtained y ie lds  the  e n e r g y  in tens i ty  of i n t e r ac t i on  between the fundamen-  
ta l  and induced waves .  Le t  us  wr i te  i t  in g r e a t e r  detai l ,  f o r  which we in t roduce  two plane v e c t o r s  N = Fni  + iFn2 
whose  componen t s  equal the  rea l  and i m a g i n a r y  p a r t s  of the Ray le igh  funct ion evalua ted  at the saddle  points .  
Then t h e  componen t  ment ioned  takes  the f o r m  

2 
O) k T ~ (l -~- "I~ -1) "~ QnVnYS (s-n) (BnN1.N~ + ( _  l)nA n [ Nx • N 2 [ ) 

where  An, B n, V n a r e  found by c o m p a r i n g  (2.4) and (2.5). 

To e s t i m a t e  the d i s p l a c e m e n t s  caused  by the Ray le igh  wave in a r e m o t e  point  of the field we find the r o o t  
of the funct ion F(~ ,  ~) c o r r e s p o n d i n g  to the s u r f a c e  wave.  If the value b 0 of the r o o t  f o r  a homogeneous  m e -  
d ium is t aken  as  the z e r o t h  approx imat ion ,  then we obtain by the Newton method f o r  the f i r s t  app rox ima t ion  

b 1 = b o (t - -  M), M = M1M';I~, 

m i  = 2bo s (2 --  bo ~) (d~ -- d~) (a.,b - -  3v,) + 4q (%~ + 3~b), 

M~ -~ H~k + H2, H~ = 4b 0 (~.,b~-~? -s + ~1~.,-~ - -  2 + b0~), 

II~ = M , "  2 (d s - -  d 0 [2 (s~ - -  a~) + (2 - -  bo ~) ( ? - ~ 1  - -  s~z)] - -  

_ ~q~o ~ ( ~ ; ~ - ~  + , ~ ) ,  ~.~ = ( l  - ~vs ( . - s )V~ .  

We hence  find the ve loc i ty  i n c r e m e n t  Av R and the length i n c r e m e n t  A l R of the Ray le igh  wave caused  by in -  
h o m o g e n e i t y  of  the  med ium 

AvR = vR - -  VRo = boMvs(O), Al~ = 2n(o-lboMv.,(O) 

(the s u b s c r i p t  0 indicates ,  the value of the quant i ty  fo r  a homogeneous  medium) .  We find the g roup  ve loc i ty  vRg 
of the Ray le igh  wave by d i f fe ren t i a t ing  the dependence  w = kRv R with r e s p e c t  to kR, the Ray le igh  wave n u mb e r :  

do) 
v ~  = ~ = v ,  (t - M)  ( t  - -  M k ~ I M ~ I )  -1 .  

As should have been expected ,  as the f r e q u e n c y  of v ib ra t ions  g rows ,  the inf luence of  the  inhomogene i ty  
d e c r e a s e s  and the g roup  ve loc i ty  tends  to the  phase  ve loc i ty  in the l imi t .  To e s t i m a t e  the  d i s p l a c e m e n t  field 
caused  by the Ray le igh  wave at a r e m o t e  point  of the field, we evaluate  the inner  in teg ra l  in (2.3) by the t h e o r e m  
on r e s i d u e s ,  and the o u t e r  by the  s t a t i o n a r y  phase  method.  H e r e  ~ = ~R = (CR - ~ 2)1/2, CR = v20v~tl in the R a y -  
le igh root ,  and the s t a t i o n a r y  value of ~ is found at the point  ~R = CR s in  ~, ~ = tan - l (yx-1 ) .  As an i l l u s t r a t i on  
we p r e s e n t  the a s y m p t o t i c  of the axial  d i s p l a c e m e n t  UzR at  the point  z = 0 under  the ac t ion  of  a n o r m a l  s t r e s s  

u~R = 6R [mlRk + 2p~c~ - -  pp], r = (x s + yS)llS 

GR = 2n, l (~m ~R) [-'-ff~) exp(io)rv~ 1 - -  uot) r -~ (c.), 

~ ,  ~ = ~ ,  m , .  = ( 4 -  ,~ (0) .7 s (0))1I s. 
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In the case of a constant s t r e s s  a 1 applied to the boundary of a rec tangular  a rea  

~Pl (~R, ~R) = k~ 2 sia-~ ~ c~ q~ sin (kRa cos ~) sin (kRb sin (p) a 1. 

Hence it follows that if the size of the a rea  is selected according to the dependences a = nTrvR/w cos ~ or  
b = n v v R / w  sin (p, then there  will be no displacements .  Therefore ,  the influence of the inhomogeneity of the 
medium on the s ize  of the a rea  for which the maximal  or  minimal par t  of the energy of the vibrations source  
is t ransmit ted  to excitation of a Rayleigh wave in a given direct ion can be est imated.  
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ANTIPLANAR DEFORMATION OF AN ELASTOPLASTIC 

STRIP WITH A SEMI-INFINITE CRACK 

V. G. N o v i k o v  UDC 539.374 

The features  and details of plast ic flow at a c rack  tip govern its development [1]. Therefore ,  it is im-  
por tant  to have a co r r ec t  idea about the shape and dimensions of the plastic zone, and about the intensity of 
deformation in it. In view of this there  is considerable  importance in the problem during whose solution, apart  
f rom determining s t r e s s e s  and s t ra ins ,  there  should be determination without p r io r  assumptions of the boundary 
separa t ing  the elast ic  and plast ic regions.  A study was made in [2-8] of approximate and numerical  methods 
for this problem, and analytical solutions in closed form have only been obtained for antiplanar deformation of 
a boundless mater ia l  with one rec t i l inear  c r ack  or a periodic sys tem of coll inear defects [9-14]. In th i swork  an 
accura te  solution is obtained for the elastoplast ic  problem of aatiplanar deformation of a s tr ip with a semi-infinite 
crack.  

We consider  antiplanar deformation of a str ip made of elastoplast ic  mater ia l  occupying the region [x I < r 
I Y l - d. It is assumed that in the plast ic condition mater ia l  behavior is descr ibed by the Tresk  condition 

~ + a~ = ~. (1) 

and by an associated rule for plast ic flow, and in the elast ic region by Hooke's  l inear rule 

aw aw 

2 2 

(2) 

(3) 
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